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This work presents new results about the graviton massive spectrum in two-ﬁeld thick branes. Analyzing
the massive spectra with a relative probability method we have ﬁrstly showed the presence of resonance
structures and obtained a connection between the thickness of the defect and the lifetimes of such
resonances. We obtain another interesting result considering the degenerate Bloch brane solutions. In
these thick brane models, we have the emergence of a splitting effect controlled by a degeneracy
parameter. When the degeneracy constant tends to a critical value, we have found massive resonances to
the gravitational ﬁeld indicating the existence of modes highly coupled to the brane. We also discussed
the inﬂuence of the brane splitting effect over the resonance lifetimes.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.1. Introduction
Recently, much attention has been given to the study of topo-
logical defects in the context of brane-world models, due to its
property of allowing the localization of several different types of
ﬁelds. As extended defects in ﬁeld theory, the domain walls have
been used in high-energy physics to represent brane scenarios
with extra dimensions [1,2]. The Bloch walls, which could be seen
as chiral interfaces [3], are used in the context of extra dimensions
to construct a (4,1)D model of two scalar ﬁelds coupled with grav-
ity, the so-called Bloch brane [4].
The Bloch brane model is generated dynamically and has in-
ternal structure. The asymptotic bulk metric is a slice of a ﬁve-
dimensional anti-de Sitter (AdS) spacetime, denoted by AdS5. Such
scenario may be used to mimic a brane-world containing internal
structure [5], which have implications on the density of matter-
energy along the extra dimension [6]. The appearance of the in-
ternal structure could be also observed by a splitting effect on the
curvature invariant.
On the other hand, Dutra et al. have showed that the Bloch
brane scenario addressed in [4] holds more general soliton so-
lutions [7–9]. The brane conﬁgurations obtained from these new
solutions were named by the authors as degenerate Bloch branes
due to the existence of a degeneracy parameter that is not present
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SCOAP3.in the Lagrangian density. Such defects present more details as the
appearing of two-kink solutions. These additional features were
interpreted as the formation of a double wall structure. When
the degeneracy parameter approaches a critical value, the brane
splits in two and its separation becomes larger. This effect will
contribute to the emergence of massive graviton resonances. The
phenomenon of two separate interfaces on the defect is known
in condensed matter physics as complete wetting [10,11]. More-
over, the same behavior was considered as a critical phenomenon
of phase transition on thick branes in warped geometries [12].
In the above scenarios some authors have investigated the lo-
calization of several types of bulk ﬁelds. Namely, fermion ﬁelds [9,
13–15], gauge ﬁelds [16,17] and graviton zero mode [4,8]. How-
ever, the study of the graviton massive spectrum has not been
properly studied. It is worthwhile to mention that the search for
resonances in warped spacetimes [14,16,18–26] has received at-
tention because they give us important information about the
interaction of Kaluza–Klein (KK) massive spectrum with the four-
dimensional brane. Speciﬁcally in the study of gravity localization,
the presence of a resonance at zero energy is related to the exis-
tence of a large-distance region on which the 4D laws of gravity
are valid [26,27]. Therefore, if the resonance width becomes very
large, it results in nonphysical effects.
To the best of our knowledge the ﬁrst work about localization
of graviton zero mode on the Bloch brane was the work of Bazeia
and Gomes [4]. Their results were also conﬁrmed on the degen-
erate Bloch branes by Dutra et al. [8]. However, the important
issues concerning the analysis of the massive spectrum and the
search for resonances in these scenarios have not been addressed.under the CC BY license (http://creativecommons.org/licenses/by/3.0/). Funded by
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massive spectrum and search for resonant states on the two ﬁeld
thick brane scenarios described above. Additionally, we intend to
verify the relation between the brane thickness and the internal
structure over possible detected resonances.
We organized this work as follows. In Section 2, we review the
Bloch brane scenario and search for new resonant structures in this
model in Section 3. We addressed the degenerate Bloch brane solu-
tions in the beginning of Section 4 and we search for new graviton
resonances in this more general setup. Finally, we present our re-
sults and conclusions in Section 5.
2. Brane setup
The two-ﬁeld thick brane scenario that we consider is com-
posed by two ﬁelds φ and χ coupled to gravity which depend
only on the extra dimension y. Such model was previously studied
in Refs. [4,13,14,16]. Their action is given as follows:
S =
∫
d5x
√−G
[
−1
4
R + 1
2
(∂φ)2 + 1
2
(∂χ)2 − V (φ,χ)
]
, (1)
where R is the scalar curvature and the spacetime is an AdS D = 5
with metric
ds2 = e2A(y)ημν dxμ dxν − dy2. (2)
The Minkowski spacetime metric is ημν with signature (−,+,
+,+) and the indices μ, ν run over 1 to 4.
The corresponding equations of motion are
φ′ 2 + χ ′ 2 − 2V (φ,χ) = 6A′ 2,
φ′ 2 + χ ′ 2 + 2V (φ,χ) = −6A′ 2 − 3A′′,
ξ ′′ + 4A′ξ ′ = ∂ξ V , ξ = φ,χ, (3)
where prime stands for derivative with respect to y.
A method for solving the coupled differential equations system
(3) has been developed in the context of thick branes [28–33]. It
consists of a appropriate redeﬁnition of the potential V (φ, ξ) as
V (φ,χ) = 1
8
[(
∂W
∂φ
)2
+
(
∂W
∂χ
)2]
− 1
3
W 2 (4)
in terms of a superpotential
W (φ,χ) = 2φ − 2
3
φ3 − 2rφχ2. (5)
This implies that the resulting ﬁrst-order equations can be written
as φ′ = 12 ∂W∂φ , χ ′ = 12 ∂W∂χ and A′ = − 13W , from which we ﬁnd the
solutions that describe our brane model, namely
φ(y) = tanh(2ry), (6)
χ(y) =
√(
1
r
− 2
)
sech(2ry), (7)
and
A(y) = 1
9r
[
(1− 3r) tanh2(2ry) − 2 ln cosh(2ry)]. (8)
From Eq. (7), we can see that for the limit r = 0.5 the one-ﬁeld
scenario is recovered. For certain values of the coupling parame-
ter r that controls the brane thickness, we have a splitting of the
defect and the appearance of an internal structure. This character-
istic is also evident on the curvature invariant. For this geometry,
for instance, we obtainFig. 1. Plots of the curvature invariant R(y) with r = 0.2, 0.1 and 0.05.
R = −[8A′′ + 20(A′)2]. (9)
The Ricci scalar is ﬁnite, which we can observe through Fig. 1.
For 0.5 > r > rc , with rc ≈ 0.17 there is a maximum at y = 0.
When r arrives to the interval rc > r > 0, the maximum splits into
two separate maxima, which indicates the presence of the internal
structure. These effects will inﬂuence the behavior of the massive
modes, which will be investigated in the following section.
3. Massive spectrum and resonances
The seminal work of Bazeia and Gomes [4] considering the
Bloch brane model performed an analysis in the zero modes of the
graviton but have not conﬁrmed the existence of resonant modes.
From now, we will take this scenario again focusing our attention
in the massive spectrum and seeking resonant modes for the gravi-
ton. In order to search for resonances in the massive spectrum we
must obtain a Schrödinger-like equation to the graviton on the
ﬁfth dimension. Initially, we perform a metric perturbation using
ds2 = e2A(y)(ημν +hμν)dxμ dxν −dy2, where hμν = hμν(x, y) rep-
resents the graviton with the axial gauge h5N = 0. When we set the
metric ﬂuctuation as transverse and traceless (TT), namely hμν , its
equations of motion take the simpliﬁed form [18,34,35]:
h′′μν + 4A′h′μν = e−2A∂2h′μν, (10)
where ∂2 is the four-dimensional wave operator. Using the trans-
formation dz = e−A(y) dy and choosing an ansatz containing
a bulk wave function times a space plane wave, hμν(x, z) =
eip·xe− 32 A(z)ψμν(z), we can rewrite Eq. (10) as a Schrödinger-like
equation given by
−d
2ψ(z)
dz2
+ V (z)ψ(z) =m2ψ(z), (11)
with the potential V (z) = 32 A′′(z) + 94 A′ 2(z). Eq. (11) leads to no
tachyonic states and owns a normalizable zero mode solution as
was showed in Ref. [4].
When m2  Vmax , the potential represents only a small pertur-
bation and the solutions will acquire plane wave structure. In Fig. 2
we plot the potential V (z) varying r. As in the curvature scalar
(Fig. 1) we note the appearance of a splitting effect due to the
thickness of the defect. The minimum of the potential separates
in two as we reduce r, acquiring the shape of a double-well-type
potential. Similar feature was also found in the potential of the
Schrödinger equation for the TT sector of the metric perturbations
in a thick brane scenario generated by one scalar ﬁeld [12].
For some speciﬁc energies, the solutions of Eq. (11) could ex-
hibit large amplitudes inside the brane in comparison with its
316 W.T. Cruz et al. / Physics Letters B 730 (2014) 314–319Fig. 2. Plots the potential V (z) with r = 0.17,0.10,0.05. We note the appearance
two separate minima at z = 0, indicating the presence of internal structure.
values far from the defect. These solutions are interpreted as reso-
nant modes and reveal states with large probabilities to be found
on the brane [18].
From Eq. (11) we can consider ζ |ψm(0)|2 as the probability for
ﬁnding the mode on the brane, where ζ is a normalization con-
stant. In this way, we must know the variation of this quantity
in terms of m in order to ﬁnd possible resonant modes. For this
purpose, we ﬁrst consider two different methods to detect reso-
nant modes. One of them uses directly the probability of ﬁnding
the mode on the brane from the square of the normalized wave
function [14,26,36], namely
P (m) = |ψm(0)|
2∫ +zmax
−zmax |ψm(z)|2 dz
. (12)
A second method uses the relative probability [21–25]:
N(m) =
∫ +zb
−zb |ψm(z)|2∫ +zmax
−zmax |ψm(z)|2 dz
. (13)
In both approaches, the massive modes are considered in a box
with borders |z| = zmax far from the turning points.
The difference between the two methods is that in the case
of relative probability N(m) we have a narrow integration range
around the brane −zb < z < zb conveniently chosen such that zb =
0.1zmax [23]. The main motivation for using this approach is that,
since thick branes are objects spread around the origin of the extra
dimension, the probability of ﬁnding the modes must be integrated
in a small region around the location of the defect in order to
detect resonances. Furthermore, according to the formal quantum
theory of resonance, we can study the probability of ﬁnding the
massive modes around the vicinity of the brane position within a
relatively large region [14,21,24].
We must choose one of the probability methods based on their
eﬃciency to detect in a better way the resonant modes on the
KK spectrum (if they exist). Such structures are characterized by
large amplitudes inside the brane in comparison with the ampli-
tude outside. Thus we ﬁrst compare the two functions P (m) and
N(m) to choose the more suitable. Due to the coordinate transfor-
mations and the complexity of the A(y) function, we cannot ﬁnd
A(z) analytically. Therefore, we solve Eq. (11) by numerical inte-
gration and compare the functions N(m) and P (m). The result is
showed in Fig. 3. As expected, the two methods indicate a reso-
nance at m = 0.
It is worth to mentioning that the two functions N(m) and
P (m) acquire different values when m2  Vmax [14,23]. In this re-
gion, where the solutions present plane wave structures, we have
P (m) → 1 [14] and N(m) → zb [23]. We also observed inzmax zmaxFig. 3. Plots of the functions N(m) and P (m) with r = 0.1. In order to accommodate
both graphs in a single frame, the function P (m) appears multiplied by a factor of 5.
Fig. 4. Plots of the function N(m) with zmax = 200 and N ′(m) with zmax = 600. We
have used r = 0.01.
Fig. 3 that the resonance peak is more pronounced and broader
on the N(m) function. This characteristic shows that using N(m)
we can detect more easily possible narrow resonance structures.
Then, we will adopt N(m) in our analysis henceforth.
Since we consider the KK modes ψ(z) in a box with borders
|z| = zmax , beyond which ψ(z) are turned into plane waves, the
zmax value should not interfere with the mass of the resonant
modes to maintain the consistency of the method. This is a funda-
mental characteristic because the physical information is contained
in the value of the resonance peak, which should not depends on
zmax , since it is chosen suﬃciently large. In Fig. 4, we plot the
function N(m) with zmax = 200 and N ′(m) with zmax = 600. As ex-
pected, the position of the resonant mode in N(m) is not altered
when we vary zmax .
We must now analyze the behavior of the function N(m) as
well as its dependence on the thickness of the membrane. The real
parameter r controls the thickness of the defect and may give rise
to an internal structure on the membrane. This characteristic can
be veriﬁed by analyzing the structure of the potential as well as
the matter energy density in terms of r, as shown in Ref. [4]. In
order to verify the effects of the brane thickness on the graviton
massive modes, we analyze the behavior of the function N(m) in
terms of r. The result is shown on the left side of Fig. 5. We also
plot the correspondent resonant modes on right side of the same
ﬁgure.
By varying the N(m) function in terms of r we ﬁnd reso-
nances at m = 0. We can estimate the lifetime τ of a resonance
by (m)−1, where m is the width at half maximum in mass of
W.T. Cruz et al. / Physics Letters B 730 (2014) 314–319 317Fig. 5. Plots of the function N(m) (left) and the zero modes solutions (right) with r = 0.2, 0.02 and 0.01.
Fig. 6. Plots of the warp factor (left), potential (center) and the function N(m) (right) for the DBW(1) solution. We have used a = μ = 1.the peaks in N(m) [14,21–23,37]. For small r, the resonance be-
comes very broad characterizing states with lifetimes too short to
result in any physical effect. This characteristic can be conﬁrmed
observing the ψ0(z) function correspondent to the resonant modes
at m = 0, as can be seen in Fig. 5 (right side). In this case, the zero
modes are scattered along the extra dimension leading to non-
localized zero modes.
4. Degenerate Bloch branes
In this section we search for graviton resonances in more gen-
eral thick brane scenarios generated by two scalar ﬁelds. As a
matter of fact, after the work of Bazeia and Gomes in Bloch branes
[4], the existence of new ﬁeld solutions coming from the Bloch
brane scenario was shown by Dutra and collaborators [7–9]. In
these works, the authors directed their analysis to the stability
and zero mode solutions of the graviton, but now we generalize
the analysis to the massive spectrum in a quantum mechanics sce-
nario. On these new solutions, which were called degenerate Bloch
walls (DBW), the brane thickness is controlled by the variation of a
parameter associated to the domain wall degeneracy. Another im-
portant characteristic of the DBW is the appearance of two-kink
solutions indicating the formation of two branes.
Particularly, we choose the solutions presented in Ref. [9],
where the action and the metric are the same in Eqs. (1) and (2)
respectively. Therefore, the Schrödinger-like equation (11) is also
maintained. With the DBW ﬁeld solutions and the corresponding
warp factors, we reevaluated the N(m) function deﬁned in (13), in
order to search for resonances on the massive spectrum over these
new conditions.
First, we consider the potential V (φ,χ) which is written in
terms of a superpotential asV (φ,χ) = 1
2
[(
∂W
∂φ
)2
+
(
∂W
∂χ
)2]
− 4
3
W 2, (14)
which now takes the form
W (φ,χ) = φ
[
λ
(
φ2
3
− a2
)
+ μχ2
]
, (15)
from where we can recover Eq. (5) by choosing a = 1, λ = −2 and
μ = −2r.
The motivation to consider the superpotential of this form is
that now we can control the warp factor behavior with more pa-
rameters than the r parameter as in the previous section. This
characteristic will bring us richer solutions that will give rise to
new resonance structures. For more details on how to obtain the
warp factors, the reader should consult Refs. [7–9].
The ﬁrst case that we will consider, named DBW(1), is obtained
for λ = μ and c0 < −2a and it results on the following warp fac-
tor [9]:
e2A(y) = n
[
2a2(√
c20 − 4a2
)
cosh(2μay) − c0
]4a2/9
× exp
{2a2[c20 − 4a2 − c0(
√
c20 − 4a2
)
cosh(2aμy)
]
9
[(√
c20 − 4a2
)
cosh(2aμy) − c0
]2
}
,
(16)
where n is chosen such that e2A(0) = 1.
The warp factor and the resulting potential V (z) of the
Schrödinger-like equation (11) are plotted in Fig. 6 on the left
side and in the center, respectively. As we can observe, the c0
constant plays a role similar to the parameter r that controls the
318 W.T. Cruz et al. / Physics Letters B 730 (2014) 314–319Fig. 7. Plots of the potential V (z) and the solution ψ(z) for m = 0.8 (left) and m = 4 (right). We have used a = μ = 1 and c0 = 1/16.000001 in the two graphics.thickness of the standard Bloch brane solution. However, the in-
tegration constant c0, unlike the parameter r, is not present in
Lagrangian density. When c0 approximates to its critical value −2a
the minimum of the potential splits in two and we observe the
appearance of a ﬂat region on the warp factor. Another interesting
feature is the formation of a two-kink solution in φ(y) when c0
approximates to its critical value. Such feature was understood on
the work [8] as the formation of a double wall structure along the
extra dimension.
From the A(y) solution in Eq. (16), we compute the relative
probability (13) again and the results are showed on the right side
of Fig. 6. Sweeping the region where m2 < Vmax , the function N(m)
show us resonance peaks at m = 0. Such resonances correspond to
the graviton zero modes. Varying c0 and approaching the critical
value, the resonances are not signiﬁcantly changed.
New results are obtained when we consider another degenerate
Bloch wall, named DBW(2). Such solution is obtained when λ = 4μ
and c0 < 1/16a2. The corresponding warp factor is
e2A(r) = n
[
2a√
(
√
1− 16c0a2) cosh(4μay) + 1
] 16a2
9
× exp
{
−4a
2[1+ 8a2c0 + (
√
1− 16c0a2 ) cosh(4μay)]
9[1+ (
√
1− 16c0a2 ) cosh(4μay)]2
}
.
(17)
In this case, we also ﬁnd a double kink proﬁle to φ(y) when the
integration constant approaches to the critical value.
The potential and some solutions to ψ(z) are plotted in Fig. 7
for a = μ = 1 and c0 = 1/(16 + 10−6). When m2 > Vmax the solu-
tions oscillate rapidly along the extra dimension, what is observed
on the right side of Fig. 7. However, as noted in the plot on the
left, for m2  Vmax the amplitude of the wave solutions are sup-
pressed in the region between the maxima of the potential and
the modes could potentially exhibit a resonance structure [18,20,
26]. For c0 = 1/(16 + 10−6) we detect two resonances, as showed
on Fig. 8. Beyond the peak corresponding to the zero mode (m = 0)
we ﬁnd another resonance at m = 1.1894. Such result can be un-
derstood as the existence of graviton massive modes highly cou-
pled to the brane.
When the constant c0 approximates its critical value, the peak
at m = 0 is kept and the number of resonances with m = 0 in-
creases. The presence of resonances at m = 0 for the cases con-
sidered shows the consistency of the relative probability method
applied. Indeed, the Bloch branes support graviton zero modes lo-
calized and therefore there should be resonances corresponding to
the zero modes.Fig. 8. Plots of function N(z) for DBW(2) solution. We have used a = μ = 1 and
c0 < 1/16.
The number of resonances increases when c0 tends to 1/16 and
their lifetimes are increased as well. With c0 = 1/(16+ 10−10), for
example, we have two peaks of probability beyond the peak at
m = 0. Such massive modes have high amplitudes at z = 0 and
should interact with the brane.
5. Conclusions
We have considered a thick brane generated by two scalar ﬁelds
in which we search for graviton resonances. We have reviewed the
brane setup known as Bloch brane in Section 2. We know from the
literature [4] that the real parameter r controls the Bloch brane
thickness, which in the interval 0.17 > r > 0 produces a splitting
on the defect. We have analyzed such property in terms of the
curvature invariant. The results show that when we increase the
brane thickness we observe a splitting effect on the maximum of
the curvature invariant and the raising of a ﬂat region at y = 0.
From a metric perturbation, we ﬁnd a Schrödinger-like equation
of motion. Since the previous works [4,7–9] have studied the zero
mode cases, we started the analysis to identify resonances compar-
ing two probability methods from m = 0 Schrödinger-like equa-
tions. The outcomes indicated that the direct probability method
P (m) has shown a resonance correctly. However, in the N(m)
function of relative probability the resonance peak was more pro-
nounced indicating this process as more effective for detecting
possible narrow resonances. We tested the eﬃcacy of the relative
probability method to identify resonances by changing the integra-
tion range zb . In this case, the resonance position was not changed.
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resonance at m = 0. This result is in agreement with previous re-
sults which demonstrated the existence of a zero mode located [4].
On the other hand, looking for the effects of the internal structure
on the resonance we have noted that when we reduce r, which
makes the brane thicker, the width of the resonance is increased.
Thus reducing r will decreases the resonance lifetime. The same
effect was observed at the zero mode which corresponds to the
resonances, as shown in Fig. 5. Furthermore, reducing r and mak-
ing the brane thicker causes a splitting of the defect that delocal-
izes the zero modes. Similar feature was also observed in Ref. [12]
as a phase transition in thick branes.
The existence of a resonance at zero energy is related to the
existence of scales on which 4D gravity is recovered. On this way,
when the resonances acquire large lifetimes we can restore the
RS scenario [38]. Otherwise, when the width of the resonance
increases too much, we will no longer have a region of 4D grav-
ity [26,27]. The results obtained show that when we increase the
thickness of the Bloch brane (reducing r), we reduce the lifetime
of the graviton resonance. In this case and we cannot guarantee
the existence of a long-distance scale where the Newtonian poten-
tial is valid. In the same way, if we made the brane thicker, the
localization of the zero modes could be jeopardized. We conclude
that in the limit when r → 1/2 the Bloch brane supports a region
where gravity is effectively 4D. However, when r → 0 the brane
becomes very thick and this result is no more valid.
We have extended the investigation to the degenerate Bloch
brane solutions. In the ﬁrst degenerate case examined we have a
critical constant c0 that plays a role similar to the parameter r in
Section 3. When c0 approximates to its critical value 2a the brane
becomes thick and the minimum of the potential splits in two. The
analysis shows resonances at m = 0 corresponding to the graviton
zero modes. They should be understood the same manner as those
found in the basic Bloch brane setup.
We ﬁnd interesting and new issues in the second class of de-
generate solutions. We observe massive graviton resonances in
addition to those at m = 0. The appearance of resonant modes
happens when the degeneracy parameter approaches its critical
value. The number of resonances and their respective lifetimes
increases when c0 tends to 1/16. Another striking point is that
when the brane is thicker (c0 → 1/16) the resonance lifetimes in-
creases. Such behavior is opposite to that ﬁnd in the ﬁrst Bloch
brane scenario examined. The presence of those structures in the
massive spectrum is related to the existence of massive (quasilo-
calized) modes highly coupled to the brane. We ﬁnd massive res-
onances to the graviton ﬁeld in another context of thick branes in
Ref. [39].
Note added
During the process of revision of this work we ﬁnd another study [40] of reso-
nances in two-ﬁeld thick brane scenarios. The authors also noticed the presence of
graviton resonances.Acknowledgements
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